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Extremal catacondensed benzenoids*

Lian-Zhu Zhang ®** and Feng Tian®

@ Department of Mathematics, Zhangzhou Teachers College, Zhangzhou, Fujian 363000, China
b nstitute of Systems Science, Academy of Mathematics and Systems Sciences,
Chinese Academy of Sciences, Beijing 100080, China

Received 15 January 2002; revised 26 February 2003

Some results with respect to Hosoya index and Merrifield-Simmons index of tree-type
hexagona systems (catacondensed hydrocarbons) are shown. Using the results, the tree-type
hexagona systems with minimum, second minimum Hosoya index and maximum, second
maximum Merrifield-Simmons index are determined. These results generalize some known
results on extremal hexagonal chains.

1. Introduction

A hexagonal system (benzenoid hydrocarbon) is regarded as a 2-connected plane
graph in which every finite region is a regular hexagon of unit side length. Hexagonal
systems are of great importance for theoretical chemistry because they are the natura
graph representations of benzenoid hydrocarbons [1]. A hexagonal system isatree-type
one if it has no inner vertex. The treetype hexagonal systems are the graph repre-
sentations of an important subclass of benzenoid molecules, namely of the so called
catacondensed benzenoids.

In order to describe our results, we need some graph-theoretic notation and termi-
nology. Our standard reference for any graph theoretical terminology is[2].

Let G = (V, E) beagraph and A be a subset of V. The subgraph of G whose
vertex set is A and whose edge set is the set of those edges of G that have both end-
vertices in A is called the subgraph of G induced by A, and is denoted by G[A]. The
induced subgraph G[V — A] isdenoted by G — A. If A = {v} we write G — v for
G — {v}. Denote by N[A] the union of A and the set of neighbors of A in G. If
A ={aq, ay, ..., a,}), thenwewrite N[ay, as, ..., a,] instead of N[{aq, ao, ..., a,}].

A subset M of E iscaled amatching if no two edges of M areincident in G. Itis
both consistent and convenient to regard the empty edge set as a matching. A subset 7
of V iscalled anindependent set if no two vertices of I areadjacent in G. We a so regard
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the empty vertex set as an independent set. We denote by 1 (G) and o (G) the numbers
of matchings of G and the number of independent sets of G, respectively.

Hosoya in [3] proposed the graph-theoretical invariant w(G) for quantifying cer-
tain structural features of organic molecules. Numerous studies of w(G) have been
undertaken (see [4-6]). Theinvariant 1 is nowadays commonly called “Hosoya index”.
Merrifield and Simmonsin [ 7] devel oped atopological approach to structural chemistry.
The cardinality of the topological space in their theory turns out to be equal to o (G) of
the respective molecular graph G. In [5], Gutman first use “ Merrifield-Simmons index”
to name the quantity.

Denote by 7, the set of tree-type hexagona systems containing n hexagons. Let
7T =U77,,and T € 7. Let H be ahexagon of 7. Obviously, H has at most three
adjacent hexagonsin T. If H has exactly three adjacent hexagonsin T', then H iscalled
a full-hexagon of T; if H has two adjacent hexagons in 7', and, moreover, if its two
vertices with degree two are adjacent, then call H aturn-hexagon of 7'; and if H has
a most one adjacent hexagon in T, then H is called an end-hexagon of T. Figure 1
illustrates a tree-type hexagona system with 19 hexagons, in which Hs, Hg and Hi;
areitsfull-hexagons, H,, Hg, Hy, Hy1, H13, His, H17 and H,g areits turn-hexagons, and
H,, H,, Hyp, His and Hyg are its end-hexagons. It is easy to see that the number of the
end-hexagons of atree-type hexagona system of n > 2 hexagons is more two than the
number of its full-hexagons.

A hexagonal chain is a tree-type hexagona system without full-hexagons. Let
C be a hexagona chain with n hexagons H,, H,, ..., H,, where H; and H;,1 have
acommon edge foreachi = 1,2,...,n — 1. We may denote the hexagona chain
by C = H1H,...H,. A hexagona chain with at least two hexagons has two end-
hexagons. Let T € 7 andlet B = H H,... H,, k > 2 be ahexagona chain of T.
If the end-hexagon H; of B isaso an end-hexagon of T, the other end-hexagon H; is
afull-hexagon of 7, and for 2 < i < k — 1, H; is not a full-hexagon of T, then B
iscaled abranch of T. For example, B = HygH1gH17H16H12 is a branch of the tree-
type hexagona system illustrated in figure 1. If T € 7 is not a hexagonal chain, then
the number of branches of 7' is equal to the number of end-hexagons of 7'. A linear
chain is a hexagonal chain without turn-hexagons. Denote by L, the linear chain with

Figure 1. A tree-type hexagona system.
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n hexagons. A single-angular hexagonal chain is a hexagonal chain with exactly one
turn-hexagon. Suppose that C is a single-angular hexagonal chain. By the definition of
single-angular hexagonal chain, its turn-hexagon connects two linear chains, say L;, L ;.
Denote by Li the singly-angular hexagonal chain of i + j + 1 hexagons. Obvioudly, we

have Ll = LJ For convenience, we always suppose that j > i and L =Lj;1.

Over the years a variety of related properties of hexagonal chal ns with respect to
some indices have been widely studied (for example, [5,6,8-18]). As for the extremal
properties, two extremal hexagona chains with respect to Hosoya index and Merrifield—
Simmonsindex are linear chain and zigzag chain determined in [5] and [6], respectively.
If hexagonal chains are restricted in k*-cycle resonant chains, their two extremal chains
are zigzag chain and helicene chain determined in [14]. Gutman, in [5], pointed out
the linear hexagonal chain L, is the unique hexagona chain with minimum Hosoya
index and maximum Merrifield-Simmons index among all the hexagonal chains with n
hexagons. He proved the following.

Theorem 1 [5]. For any n > 1 and any hexagonal chain C with n hexagons,

@ wp(L,) < u(C) withtheequality only if C = L,

(b) o(L,) > o(C) with the equality only if C = L,,.

In[16] and [17], the hexagonal chains with the second minimum Hosoyaindex and
the second maximum Merrifield-Simmons index are determined.

Theorem 2. For any n > 3 and any hexagonal chain C with n hexagons,

(@ if C # L,, then u(L! ,) < u(C) with the equality only if C = L} , [17],

(b) if C # L,,theno(LL_,) > o(C) with the equality only if C = L ,[16].

In this paper, extending the class of hexagona chains to the class of tree-type
hexagonal systems, we offer some results with respect to Hosoya index and Merrifield—
Simmons index of tree-type hexagonal systems. Using these results, we verify the linear
chain L, and the singly-angular hexagonal chain L} , are also extremal on the two in-
dices among tree-type hexagonal systems with n hexagons by showing the followings.
Theorem 3. Foranyn > 1andany T € 7,

@ w(L,) < u(T)withtheequalityonly if T = L,,.

(b) o(L,) > o(T) withtheequality only if T = L,,.

Theorem 4. Foranyn > 3andany T € 7,
@ ifT #L,, then /,L(Ln ») < w(T) with the equality only if 7 = Ln 2
(b) if T # L,, theno (L} ,) > o(T) withthe equality only if 7 = L} .
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Note that the hexagonal chains belong to the class of tree-type hexagonal systems.
Therefore, theorems 3 and 4 generalize theorems 1 and 2, respectively.
2. Auxiliary lemmas

The following recurrence relations are basic, and can be found in [3-5].

@ If G = G1U Gy, (that is, G is agraph composed of digoint components G4

and G5), then
w(G) = u(G)u(Gy), 1
0(G) =0(G1)o(G2). ()
(b) Lete = uv bean edge of G, and x be avertex of G. Then
w(G) =u(G —e) + u(G —u —v), (©)
0(G)=0(G —x)+ (G — N[x]). (4)

We add some notations which are convenient to express useful results. For agiven
linear chain L, denote by x/,, x,, y,, v, the four clockwise successful vertices with de-
gree two in one of end-hexagons. The turn-hexagon in asingly-angular hexagonal chain
Li. has two vertices with degree two. Denote by u;, v; the two vertices such that u; links
L; by an edge and v; links L; by another edge, (see figure 2(b)). For L? = Lji1, let
up =xjypandv; =x’_ ;.

j+1
Fork > 1, set
Ak = u(Ly), &k = w(Ly — xx) = n(Ly — yi), e = WLk — Xk — Yi),
=uli—x) =u(Li=y),  m=nle—x—x) = pm(Li =y — y)-

Letig=2,& = l1landny = 1. Noting that A, = 18, &, = 8and n, = 5, and using
the formulas (1) and (3) (referring to figure 2), we can deduce that for k£ > 1,

Ak =5hj—1 + 68_1 + 21,
Ex = 2hp—1 + 31 + Mi—1,

X'y
0@‘@0 N
Yn V:
' j
n

Y U;
@ (b)

Figure2. (&) Ly, (b) L’]
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& =31+ 251, (5)
Mk = A—1 + 261 + M1,
M = 2hk—1 + &1,
Andfori > 0O,
W(LY) = 2hihj + M)+ Eihj + 3EE; + &nj + ni&j + ninj,
(LY = ui) = didj + A + & + &),

: (6)
(L —vp) =Aikj + &dj + &&; + mik;,
(L —up —vj) =Nk + &i&j.
Fork > 1, sat
M=o (Ly), & =0 (Ly—xi) = 0 (L — ), M = 0 (Lg — xx — yi),
E; =o(Ly — x;) = o (Le — y;), M =0 (Ly —x, —xk) =0 (Ly — yk — )

Let Ao = 3,0 = 2and 7, = 1. Noting that »; = 18, &; = 13 and 77, = 8, and using
the formulas (2) and (4) (referring to figure 2), we get that for k > 1,
M =31+ 46,1 + T,
gk =21+ 3?1(71 + Mi_1s
E,=3h 1+ 25y, (7)
Mk =)¥£—1 + Zék—l + M1,
M =2hi-1+ &1
Similarly, for i > 1, we have
o(L)=(hica+ 25,1 +T71)(2h; +§))
+ (it &) (3 + 38, +7)),
o(Lj —u)=§(;+&)+ Riat+ &) +7)),
U( vj) X (5 +T7i)+2$j(_i—1+$,’_1),
o (L} —ui —v;)) =Eh; + (his + & 1)8 ;.
Noting that Ao = 3, £, = 2 and 7, = 1, and by (7), we get that for i > 0
o (L)) =Ti(2x; +&,) + (& —7:) () + 3, +7;),
o(Ly —u)=&(; +&) + E —m)E; +7)),
o (L) —v) = (& + )% +2(& —0)¢,
o (L) —ui —v;) =Ex; + (& — W)

From (5) and (7), we have the following.

(8)



116 L.-Z. Zhang, F. Tian/ Extremal catacondensed benzenoids

Lemmal (a) Fork > 1, Ay > & + n and A < & + 7.

(b Fork>2,kk>§,i>§k>r],/(>nkandxk>§k>§;{>ﬁk>ﬁ;€.

Lemma?2. Fork > 0, we have

(@ &/ris M/ i, ni /& aethree strict decrease functions of & ([17]),

(0) &,/ Ak, /M, i /€, @€ three rict increase functions of k.

Proof. In[16], itisproved that &, /A, isastrict increase function of k. So we only need

to prove that 77, /A, and 77, /€, are strict increase functions of k.
Noting that 2, = 1o + 79, and by (7), we obtain that for £ > 0,
28, = ki + g
Thus, we get that for k > 1,
Ak =5hg_1+ 37,

_ 7 5
§pv= E)‘kfl + >MTk-1:

M =2hi—1+ 23 4.
Therefore

Miesthe = Mkt = (Dhie + 20) e — 0 (She + 37
= ZX,f — 3T — 37
— (2% — Tk aTg — 3i—1)
= 45(2Z75 — 3o, — 37))
=6-4°>0.

Thus

T _ T

—

M1 Ak

i.e., 7, /A isastrict increase function of .
By (9), we can see that

I D

Hence 7, /€, isaso adtrict increase function of k.
The proof of lemma 2 is complete.

(9)



L.-Z. Zhang, F. Tian/ Extremal catacondensed benzenoids 117

3. Preéiminary results and proofs

Suppose 71, T» € 7, and p;, g; are two adjacent vertices with degree two in T;,
i = 1,2. Denote by T1(p1, g1) D T>(p2, g2) the tree-type hexagonal system obtained
from T, and 7>, by identifying p1 with p,, and g, with g5, respectively.

In the present section, for agiven T € 7, we aways assume that s, ¢ are two
adjacent vertices with degree two in T, s; is the vertex of T adjacent to s but not to ¢,
and 1, isthe vertex of T adjacent to ¢ but not to s.

Theorem 5. Forany T € 7 and k > 2,
@ (T (s,1)® Ly(xx, yi)) < (T (s, 1) @ Li(xp, xp)) = (T (s, 1) © Li(yi» Yi)),s
() o(T(s,1) @ Li(xx, yi)) > o (T (s, 1) ® L(xp, xp)) = o (T (s, 1) © L (g, Yi))-
Proof. (&) Noticethat if {e;, e} isamatching of agraph G, then the set of matchings
of G can be partitioned into three subsets: the set of matchings containing no e; and
e2; the set of matchings containing exact one of ¢; and e; and the set of matchings
containing e, and e;.
Since {ss1, tt1} isamatching of the graph illustrated in figure 3(a), by the argument
mentioned above and (1), (3), we get
(T (s, 1) & Li(xi, yi))
= (T —s — (L) + [u(T = NIs) (L — x0) + (T — N[ Ly — i) |
+u(T = NIs, t]) Ly — x¢ — i)
= (T —s — O + [(T — NIs))& + (T — N[t])&] + u(T — NLs, t]) k.
Similarly, referring to figure 3(b),
(T (s, 1) & Li(x;, xi))
= u(T —s = (L) + [w(T = NIsDu(Li — xi) + (T = NIt w(Li — x0)]
+u(T — NIs, 1)) (L — x; — xi)
= (T —s = Or + [u(T = NIs1)gg + w(T — NIt])&I + w(T — Nis, 1]) ;.
Since &, < & and n; < i, by lemma1(b), we have

w(T (s, 1) @ Li(x, yi)) — (T (s, 1) & Li(xx, x;))

SLs= X3 X% SLS= X

N t=y Vi 0" =X Yk
@ (b)

Figure3. (&) T (s, 1) ® Ly (x, yx), (0) T(s, 1) ® Lk(xl/{, Xk)-
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= u(T — NIs1) (& — &) + (T — Nls, 1) (m — n;) < O.

(b) Note that {s1, 71} is an independent set of the graph illustrated in figure 3(a).
Similar to the proof of (a), considering the sets of independent sets containing no s,
and 11, containing exact one of s1 and ¢1, and containing the s; and ¢, respectively, by (2)
and (4), we get

o (T (s, 1) @ Li(xi, vi))
=0o(T —s1—11)o (L) + [0 (T — N[s1l)o (L — x) + o (T — N[rl)o (L — yo)]
+0 (T — N[sy, t2])o (Ly — xx — i)
=0 (T — 51—tk + [0 (T = NIs1))&; + o (T — N[t1])&,] + o (T — Nls1, t1]) 7.
Similarly, referring to figure 3(b),
o (T (s, 1) ® Li(x;, xx))
=0o(T — 51— t)o (L) + [0 (T — Nls1l)o (Ly — x;)
+0(T — N[ul)o (Ly — x3) | + 0 (T — Nlsy, t1])o (L — x; — x¢)
=0o(T —s1— 1tk + [o(T — N[Sl])g;{ + 0 (T — N[11])&,] + o (T — Nlsy, 12])7;..
Since, > &, and 7, > 7, by lemma1(b), we have
o (T (s, 1) ® Li(xi, yo)) — o (T (s, 1) ® Li(xz, xt))
= (T = Nlsal) (5 — &) + o (T — Nisy, 1)) (7 — ;) > O. O

Using of recurrence method leads immediately to

Corollary 1. Suppose C is a hexagonal chain with k hexagons, k > 1, and u, v are
two adjacent vertices with degree two of its one end-hexagon. Then for any T € 7 the
following inequalities hold:

@ (T (s, 1) @ Li(xe, yo)) < u(T'(s,1) & Clu, v)),
(D) o(T(s,1) ® Li(xx, yu)) =2 0(T(s,1) & C(u, v)).

In the following theorem, as we note before, wheni = 1, Lj;ll = Ljo,u_1 =
Xjt2 and Vjt1 = X}+2.

Theorem 6. Forany T € 7 and j > i > 1, we have
@ w(T(t,s) @& L (i1, vj41) < (T (s, 1) @ L (i, v))),

(b) o(T(t,5) ® L' 3 (ui—1,vj41)) > (T (s, 1) & L (u;, v))).
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Proof. The proof of theorem 6 follows a similar pattern of reasoning as the proof of

theorem 5 and will be outlined in an abbreviated form.
(a) Note that

w(T (s, 1) @ Lj-(ui, v))

=u(T —s — l‘)/,L(LS-) + [/L(T — N[s]) (Li- — u~)
ulT = NIE(L), — v)] + (7 — Nis. )alL]

Ly —u; —v;)
and
(T<t s) @ LH_l(Mt 1, U]+l))
T = 5 = (L) [T~ NS vy)
+,u(T - N[t]) (L’]Jrl1 ul,l)] + M(T — N[s, t]) (L’HliL Uj_1 — vj+1).
Thus

u(T(s,0) @ LY (ui, v))) — (T, 5) ® L5 (wi1,vj11))

)
= (T —s —n[u(Lh) — n(L3))]

+ (T = NIsT) (L) - )j+ (L1 = vjs1)]
+ (T = NI [u(L] - ) w(Lih — i)
+u(T = Nls. ) [ (L — i = v;) = (L7 — wic = vj4a)].

Applications of the formulas (5) and (6) lead

“(LJ) (Llj+11) = 3(i—1r; — Ai—1&)) + 2(mi—1hj — Ai—anj) + (0i—1éj — &),
/‘(Llj —u;) — (Ll]+1 viy1) = —(Eimahj — Aimaf)),
“(L; - Uj) (Llj:Ll ”i—l) =6(5_1A; — Ai—1&)) + 3(mi—1A

j )Vi—lnj)
+2(mi—1&j — &i—1n;)
and

u(L =i —v;) = (L35 = i1 = vjia)

=4 _1h; — X&) + 2(mi—1ihj — Ai—anj) + (0i—1éj — &i—anj).

Noting that j > i — 1 and by lemma2(a), wehave&;_1A; — 1;_1&; > 0, mi_1); —
Ai—anj > 0,and n;_1&; — &_1n; > 0.

Since u(T —s —t) > u(T — N[s]), we get

I’L(T(Sa t) @ Ll](ula vj)) (T(t S) ® Ll.l,_l(ul 1, v]-‘rl)) > O
and hence theorem 6(a) is verified.
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(b) Similarly, note that
o (T(s,1) @ L' (u;, vy))
=0 (T —s1—t1)o (L) + [0 (T — Nlsal)o (L — ;)
+cr(T — N[tl])cr(L; — vj)] + U(T — N|sq, tl])cr(L; —u; — vj)
and
o(T(t,8) ® L' (ui—1, vj41))
=0(T —s1—1)o (L'}3) + [0(T — Nlsal)o (L' 5 — vjsa)

+0(T = Nul)o (L3 — ui—1)] + o (T — Nlsp. tal)o (L' — w1 — vj41).

Thus
o(T(s.0) ® L (u;, v))) — o (T(t.5) ® L' 3 (i1, vj11))
=o(T —s1 =)o (L)) = o (L}1)]
+o (T = Nisl)[o (L) = i) =0 (L33 = vjsa)]
+o (T = Ninl)[o (L] = v) = o (L35 —ui-a)]
+0 (T = Nlsi, n])[o (L — w; — v;) — o (L13] — wica — vj31)],
By (7) and (8), we get
o(Lh) —o(L'5Y) = Eak — hicak ) + (_1h; — ica®))
o (L —u) —o (L3 —vj41) =0,
o(Lj—vj) —o(Li3—uin) =3 sk = %ia§)) + 2(0ishy = 1;2i1)

and

U(Lij — Ui = vj) (Llj-l—l Ui-1— Uj+1) = 2(§i_1X,- - Xi—lgj) + (ﬁi—lxj - xi—lﬁj)-

Therefore, by lemma 2(b), we get
o (T (s, 1) ® L(ui, v))) — o (T(t,5) ® L (i1, vj41)) <O.

Combining theorem 6 and corollary 1, we have

Corollary 2. ForanyT e Tandj > i > O:
(@) Atleast one of the following two inequalities holds:
M(T(& r) @ Lij(”i’ Uj)) > M(T(S, ) ® Li+j+1(xi+j+l, x,{+j+1))
and

[/L(T(S, t) @ Llj(ul’ 'U])) > I’L(T(t’ S) D Li+j+1(-xi+j+1’ x;+j+1))-

O
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(b) At least one of the following two inequalities holds:

o (T(s,1) ® L' (u;, v))) < o (T (s, 1) ® Ligjra(Xigjs1s X/ 1))
and

o(T(s, 1) @ L;(ui’ v))) <o (T(t,$) ® Liyjia(xitjs1, Xf+j+1))-

4.  Proofsof main results
Now we give the proofs of theorems 3 and 4 as follows.

Proof of theorem 3. Denote by f(T) the number of full-hexagons of T.

If £(T) = O, then, by theorem 1, we know that theorem 3 holds. Assume the
conclusion of the theorem holds for any T € 7, with f(T) = k > 0. We now show that
the conclusion holdsfor any T € 7, with f(T) =k + 1.

LetT € 7, with f(T) = k+1 > 0. Thusn > 4and T has at least three
branches. Choose two branches By = H; 1 H; ... Hyand B, = Hj/.+1H]/. ... H] such that
H;11 = H;}, isafull-hexagonin 7. Assume, without loss of generality, that j > i > 1.

Denote by T’ the tree-type hexagonal system obtained from T by replacing B, with
Liy1 and B with L 14, respectively. Inthis case, obviously, theunionof L;,; and L1
forms asingly-angular hexagonal chain L', withi + j + 1 hexagons.

Denote by T” the tree-type hexagonal system obtained from T’ by replacing L;
with L,‘+j+1.

By corollaries 1 and 2, we have

w(T) > ,u(T/) > ,u(T”) and o(T) < O’(T/) < cr(T”). (20)

Notethat f(T") = f(T) = k+ 1and f(T") = f(T') — 1 = k. By the inductive
hypothesis, we get that «(L,,) < w(T”) withtheequdity only if 77 = L,,; and o (L,) >
o (T") with the equality only if T” = L,,. From (10), we deduce that ©(L,) < u(T)
and that o (L,) > o (T). The proof of theorem 3 is complete. O

Proof of theorem 4. Let T be any tree-type hexagonal system with n hexagons. If
f(T) =0, i.e, T isahexagona chain, then theorem 6 holds according to theorem 2.
So we may assume that f(T) £ 0. Thusn > 4 and T has at least three branches.
Suppose By = H;y1H; ... Hy and B, = H;HHJ/. ... Hj aretwo branches of T such that
H;1= H}, = Hisafull-hexagoninT. Let s and 7 betwo vertices of the full-hexagon
HbutnotinH H;,_1...H and H]’.ijfl . H.Set Ty =T[V(T — (B1U By)) U{s, t}].
Then by theorem 5,

w(T) > pu(Tals, ) ® Liu;, v)) and o (T) < o (Tuls, 1) & L (ui, v)).

Using induction on f(T) and by corollary 2, there is a hexagona chain C with n
hexagons such that C # L, and

mw(Tu(s, 1) & L;(ui, vj)) > u(C) and o(Tu(s,1) ® L;(ui, vj)) <o (C).
Therefore, theorem 4 holds by theorem 2. O
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Question

From the theorems and corollaries of preceding sections, we can see that if we

denote by 71 and 7> the two corresponding tree-type hexagonal systems appeared in a
theorem or a corollary, then both 1 (71) > w(72) and o (Ty) < o(T>) hold simultane-
ously. We do not know if it is true for any two tree-type hexagonal systems containing
the same number of hexagons. Thus we would like to propose naturally the following
guestion:

Forany Ty, o € 7,, isittruethat w(Ty) > u(T») if and only if o (T1) < o (12)?
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